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ABSTRACT 

T h i s  memorandum p r e s e n t s  a d e t a i l e d  a n a l y s i s  o f  t h e  
OD .- s t a b i l i t y  problem a s s o c i a t e d  w i t h  any a t t e m p t  t o  p a s s i v e l y  m a i n t a i n  
$ t h e  OWS ( O r b i t a l  Workshop) i n  a l o c a l  v e r t i c a l  a t t i t u d e  d u r i n g  
o s t o r a g e .  The problem i s  f a r  from t r i v i a l .  It t u r n s  o u t  t h a t  t h e  

aerodynamic  t o r q u e  p l a y s  a s i g n i f i c a n t  r o l e  and  canno t  be i g n o r e d  
i n  any mean ingfu l  d i s c u s s i o n  of t h e  problem.  

There  i s  a p a u c i t y  o f  papers i n  t h e  open l i t e r a t u r e  on 
t h e  q u e s t i o n  o f  l o c a l  v e r t i c a l  s t a b i l i z a t i o n  i n  t h e  p r e s e n c e  o f  
aerodynamic t o r q u e .  Those t h a t  have been  w r i t t e n  do n o t  c o n s i d e r  an  
a s y m m e t r i c a l  s a t e l l i t e  or aerodynamic t o r q u e  on s o l a r  p a n e l s .  I n  
t h e s e  two r e s p e c t s ,  t h e  a u t h o r  b e l i e v e s  t h i s  memorandum p r e s e n t s  new 
r e s u l t s .  

The a n a l y s i s  shows t h a t  a s p a c e c r a f t  o f  t h e  OWS g e n r e  
has a n  u n s t a b l e  a t t i t u d e  e q u i l i b r i u m  p o i n t  w i t h  r e s p e c t  to l o c a l  
v e r t i c a l .  Under c e r t a i n  c o n d i t i o n s ,  n o t  i n  g e n e r a l ,  t h e  bes t  t h a t  
can  b e  a c h i e v e d  i s  an e q u i l i b r i u m  p o i n t  which i s  on t h e  b o r d e r l i n e  
of i n s t a b i l i t y .  The o r i e n t a t i o n  o f  t h e  s o l a r  p a n e l s  i n f l u e n c e s  t h e  
d e g r e e  of  i n s t a b i l i t y  and by s e t t i n g  them p e r p e n d i c u l a r  t o  t h e  OInlS 
roll a x i s  t h e  i n s t a b i l i t y  i s  minimized.  S i n c e  t h i s  o r i e n t a t i o n  a l s o  

recommended. 
malres ayvrailable s u f f i c i e n t  p~!qpr fer t f?p  Q!A!~ during S t n r a c r e  it 5 s  --*-a- J 

To a c c u r a t e l y  p r e d i c t  t h e  a t t i t u d e  motion o f  a p a s s i v e  
OWS, t h e  e f f e c t s  of c e r t a i n  a s sumpt ions  ( s ee  c o n c l u d i n g  remarks) 
t h a t  were made i n  t h e  a n a l y s i s  must be q u a n t i f i e d .  T h i s  can  be done 
o n l y  v i a  s i m u l a t i o n  of a l a r g e  number o f  o r b i t s ,  p e r h a p s  1 0 0 ,  s i n c e  
t h e  b u i l d u p  o f  a t t i t u d e  o s c i l l a t i o n s  i s  s l o w .  Only i f  i t  can  be 
shown t h a t  t h e  a t t i t u d e  o s c i l l a t i o n s  are e i t h e r  bounded or grow a t  
an  e x c e e d i n g l y  small r a t e ,  can p o s i t i v e  a s s e r t i o n s  be made on t h e  
a c c e p t a b i l i t y  o f  a p a s s i v e  OWS d u r i n g  s t o r a g e .  

SEE REVERSE SIDE FOR DISTRIBUTION L I S T  
*C”-* 
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T E C H N I C A L  MEMORANDUM 

I N T R O D U C T I O N  

The m i s s i o n  concept  for t h e  OWS ( O r b i t a l  Workshop) 
c a l l s  f o r  i t  t o  be s t o r e d  i n  o r b i t  f o r  p e r i o d s  o f  6 months or 
perhaps  l o n g e r .  During t h e s e  s t o r a g e  p e r i o d s  i t  i s  p lanned  t o  
keep  t h e  OWS i n  a l o c a l  v e r t i c a l ,  o r  more c o l l o q u i a l l y ,  g r a v i t y -  
g r a d i e n t  s t a b i l i z e d  a t t i t u d e .  It w i l l  be  n e c e s s a r y  t o  h o l d  
t h i s  a t t i t u d e  and p r e v e n t  t umbl ing  i n  o r d e r  t o  a s s u r e  a d e q u a t e  
power from t h e  s o l a r  p a n e l s  t o  s u p p o r t  t h e  OWS. 

T h i s  memorandum p r e s e n t s  a d e t a i l e d  a n a l y s i s  o f  t h e  
s t a b i l i t y  problem a s s o c i a t e d  w i t h  any a t t e m p t  t o  p a s s i v e l y  
m a i n t a i n  t h e  OWS i n  a l o c a l  v e r t i c a l  a t t i t u d e .  The s t a b i l i t y  
problem i s  far  from t r i v i a l  as t h e  reader w i l l  soon a p p r e c i a t e .  
It s o  happens  t h a t  t h e  aerodynamic t o r q u e  p l a y s  a s i g n i f i c a n t  
r o l e  and s i m p l y  cannot  b e  i g n o r e d  i n  any m e a n i n g f u l  d i s c u s s i o n  
o f  t h e  problem. 

SUMMARY OF RESULTS 

I n  t h i s  s t u d y  t h e  a s s u m p t i o n s  have been  k e p t  t o  a 
minimum i n  an  a t t e m p t  t o  o b t a i n  r e s u l t s  which need l i t t l e  
t emper ing .  The main assumpt ions  are these :  

1) The OWS i s  i n  a c i r c u l a r  o r b i t  

2 )  The g r a v i t y - g r a d i e n t  t o r q u e  i s  produced  by a 
p u r e  inve r se - squa re - l aw c e n t r a l  f o r c e  f i e l d  

3 )  The a i r  d e n s i t y  i s  c o n s t a n t  t h r o u g h o u t  t h e  o r b i t .  

Assumption 3) p r o b a b l y  r e p r e s e n t s  t h e  g r e a t e s t  
d e p a r t u r e  from r e a l i t y  b u t  i s  n e c e s s a r y  i n  o r d e r  t o  make a 
complex problem manageable  for a n a l y s i s .  The e f f e c t  o f  t h i s  
a s sumpt ion  on t h e  r e s u l t s  however seems q u i t e  small as i n d i c a t e d  
by i n i t i a l  data from computer s i m u l a t i o n s  o f  t h e  problem. 

No as sumpt ion  i s  made t h a t  t h e  OWS i s  a symmet r i ca l  
v e h i c l e  w i t h  e q u a l  p i t c h  and yaw i n e r t i a s .  
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The m a j o r  r e s u l t s  a r e :  

An e q u i l i b r i u m  a t t i t u d e  e x i s t s  s u c h  t h a t  t h e  
aerodynamic t o r q u e  i s  c o u n t e r b a l a n c e d  by t h e  
g r a v i t y - g r a d i e n t  t o r q u e .  

A t t i t u d e  s t a b i l i t y  o f  t h e  OWS w i t h  r e s p e c t  t o  t h e  
e q u i l i b r i u m  p o i n t  depends on t h e  o r i e n t a t i o n  o f  
t h e  s o l a r  p a n e l s .  

With t h e  p a n e l s  p e r p e n d i c u l a r  t o  t h e  OWS roll a x i s ,  t h e  
e q u i l i b r i u m  p o i n t  i s ,  l o o s e l y  s p e a k i n g ,  on t h e  
b o r d e r  l i n e  s e p a r a t i n g  a s y m p t o t i c  s t a b i l i t y  and 
i n s t a b i l i t y . "  An i m p o r t a n t  f i n d i n g  i s  t h a t  any 
damping, no matter how small ,  i s  s u f f i c i e n t  t o  
produce  a s y m p t o t i c  s t a b i l i t y .  

With t h e  p a n e l s  normal  t o  t h e  o r b i t a l  p l a n e  and 
p a r a l l e l  t o  t h e  OWS roll a x i s ,  t h e  e q u i l i b r i u m  
p o i n t  i s  u n s t a b l e .  However, i t  i s  p o s s i b l e  to 
o b t a i n  a s y m p t o t i c  s t a b i l i t y  by add ing  s l i g h t  
damping on t h e  OWS roll a x i s  o n l y .  F o r  example,  
i f  t h e  maximum aerodynamic t o r q u e  i s  1 2 %  o f  t h e  
peak g r a v i t y - g r a d i e n t  t o r q u e ,  damping which 
p roduces  7 .56  x f t .  l b s .  p e r  d e g / s e c .  i s  
s u f f i c i e n t .  

The power a v a i l a b l e  from t h e  s o l a r  p a n e l s  when 
o r i e n t e d  p e r p e n d i c u l a r  t o  t h e  OWS roll a x i s  i s  a d e q u a t e  t o  
p r o v i d e  t h e  OWS power needs  d u r i n g  s t o r a g e .  Moreover ,  t h e  
power i s  t w i c e  t h a t  which would b e  a v a i l a b l e  were t h e  p a n e l s  
a l i g n e d  w i t h  t h e  roll a x i s .  

These o b s e r v a t i o n s  coup led  w i t h  t h e  r e s u l t  i n  3 )  
above lead t o  t h e  recommendation t h a t  t h e  s o l a r  p a n e l s  be  
o r i e n t e d  p e r p e n d i c u l a r  t o  t h e  roll a x i s  d u r i n g  OWS s t o r a g e .  
F u r t h e r m o r e ,  t h e  r e s u l t  i n  3 )  i n d i c a t e s  t h a t  t h e  i n h e r e n t  
e l a s t i c i t y  o f  t h e  OWS s t r u c t u r e  and t h e  s o l a r  p a n e l s  may 
a l o n e  p roduce  t h e  r e q u i s i t e  damping for a s y m p t o t i c  s t a b i l i t y .  

COMMENTS ON RESULTS 

The r e s u l t s  s t a t e d  above are  i n  terms o f  t h e  OWS. 
A c t u a l l y  t h e y  have more g e n e r a l  a p p l i c a b i l i t y .  

*This  r e s u l t  may be  s e n s i t i v e  t o  some of t h e  a s s u m p t i o n s  
and  i s  t h e r e f o r e  n o t  f i r m .  See  t h e  c o n c l u d i n g  remarks of  t h e  
memorandum. 
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The re  i s  a p a u c i t y  of p a p e r s  i n  t h e  open l l t e r a t u r e  
on t h e  q u e s t i o n  o f  l o c a l  v e r t i c a l  s t a b i l i z a t i o n  i n  t h e  pr 'esenco 
o f  aerodynamic t o r q u e .  (1"(2) 
n o t  c o n z i d e r  an  asymlnet r ica l  s a t e l l i t e  or aerodynamic t o r q u e  
011 s o l a r  p a n e l s .  I n  t h e s e  two r e s p e c t s ,  tile a u t h o r  b e l i e v e s  
t h i s  memorandum p r e s e r , t s  new r e s u l t s .  

Those t h a t  have been  w r i t t e n  do 

ACKNOWLEDGMENTS 

The a u t h o r  was made aware of t h e  p o s s i b l e  i n s t a b i l i t y  
o f  t h e  l o c a l  v e r t i c a l  a t t i t u d e  i n  t h e  p r e s e n c e  of aerodynamic 
t o r q u e  b y  G .  S. Nurre  o f  MSFC. The m o t i v a t i o n  for t h e  s t u d y  
r e p o r t e d  here w a s  a r e q u e s t  by C .  W .  Mathews t o  u n r a v e l  t h e  
t h e o r e t i c a l  bas i s  for t h e  c l a im tha t  i n s t a b i l i t y  was p o s s i b l e .  

The a u t h o r  i s  i n d e b t e d  t o  B. D.  E l r o d  for many 
v a l u a b l e  exchanges  of ideas  and for c h e c k i n g  t h e  m a t h e m a t i c a l  
d e t a i l s  of t h e  a n a l y s i s .  He a l s o  e x e c u t e d  t h e  computer  simu- 
l a t i o n s  o f  t h e  comple t e  e q u a t i o n s  of m o t i o n .  F i n a l l y ,  t h a n k s  
are  owed to A.  B. F i l imonov who p u t  t o g e t h e r  t h e  program used  
for f i n d i n g  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  ( 2 6 ) .  

PREFACE TO THE ANALYSIS 

The pu rpose  of t h i s  a n a l y s i s  i s  t o  d e m o n s t r a t e  t h e  
e f f e c t  o f  aerodynamic t o r q u e  on l o c a l  v e r t i c a l  s t a b i l i z a t i o n  
o f  t h e  OWS. It w i l l  b e  shown t h a t  t h e r e  e x i s t s  a n  e q u i l i b r i u m  
a t t i t u d e  w i t h  r e s p e c t  t o  l o c a l  v e r t i c a l  s u c h  t h a t  t h e  ae ro -  
dynamic t o r q u e  i s  b a l a n c e d  b y  t h e  g r a v i t y - g r a d i e n t  t o r q u e .  
The p i 6 c e  de r e s i s t a n c e  i s  t h a t  t h e  s t a b i l i t y  of  t h e  e q u i l i b r i u m  
p o i n t  depends s i g n i f i c a n t l y  on t h e  o r i e n t a t i o n  o f  t h e  s o l a r  
p a n e l s .  

A f e w  words o u t l i n i n g  t h e  p a t h  w e  w i l l  f o l l o w  i n  t h e  
d i s c u s s i o n  s h o u l d  make subsequen t  r e a d i n g  o f  t h e  a n a l y s i s  more 
r e v e a l i n g .  The f i r s t  s t e p  w i l l  b e  t o  w r i t e  d i f f e r e n t i a l  e q u a t i o n s  
which d e s c r i b e  t h e  a t t i t u d e  mot ion  of t h e  s a t e l l i t e  w i t h  r e s p e c t  
to l o c a l  v e r t i c a l  c o o r d i n a t e s .  I n c l u d e d  w i l l  b e  e x p r e s s i o n s  f o r  
g r a v i t y - g r a d i e n t  and aerodynamic t o r q u e s  b o t h  of which are  
~UI,(.tf"Ii6 T.- -e.-,-.- --1 +LA ^ - , , . . C : - n m  - P  m,.,C,. hn mn,-. 1 1 1  ~ C l l C ' l ~ d l ,  b l 1 C  C y u a b l V l l o  V I  1 1 1 ~ 1 L , I W l l  C L I  L 

n o n l i n e a r .  I n  o r d e r  t o  i n v e s t i g a t e  s t a b i l i t y  w e  w i l l  t h e r e f o r e  
r e s o r t  t o  p e r t u r b a t i o n  a n a l y s i s .  T h i s  i n v o l v e s  f i n d i n g  a n  
e q u i l i b r i u m  p o i n t ,  deve lop ing  l i n e a r  e q u a t i o n s  o f  mot ion  f o r  t h e  
p e r t u r b a t i o n  v a r i a b l e s ,  and t h e n  examining  t h e  r o o t s  of t h e  
c h a r A c t e r i s t i c  e q u a t i o n  f o r  t h e  l i n e a r  sys t em.  To p r o p e r l y  
i n t e r p r e t  t h e  r e s u l t s  o f  t h e  p e r t u r b a t i o n  a n a l y s i s  c e r t a i n  theo rems  
p roven  by Lyapunov w i l l  be  invoked .  ( 3 )  

. 
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Lyapunov h a s  shown t h a t  ( a )  i f  t h e  s o l u t i o n  o f  t h e  
l i n e a r  e q u a t i o n s  i s  u n s t a b l e ,  s o  a l s o  i s  t h e  c o r r e s p o n d i n g  
s o l u t i o n  t o  t h e  n o n l i n e a r  e q u a t i o n s ,  and ( b )  i f  t h e  s o l u t i o n  
t o  t h e  l i n e a r  e q u a t i o n s  i s  a s y m p t o t i c a l l y  s t a b l e ,  s o  a l s o  i s  
t h e  c o r r e s p o n d i n g  s o l u t i o n  t o  t h e  n o n l i n e a r  e q u a t i o n  i n  t h e  
v i c i n i t y  o f  t h e  e q u i l i b r i u m  p o i n t .  I f ,  however ,  t h e  l i n e a r  
e q u a t i o n s  have  a s o l u t i o n  which i s  s t a b l e  b u t  n o t  a s y m p t o t i c a l l y  
s o ,  no c o n c l u s i o n  r e g a r d i n g  t h e  s t a b i l i t y  o r  e v e n  boundedness  
o f  t h e  n o n l i n e a r  e q u a t i o n  i s  a v a i l a b l e .  

COORDINATES 

The o r i e n t a t i o n  o f  t h e  OWS w i t h  r e s p e c t  t o  l o c a l  
v e r t i c a l  c o o r d i n a t e s  i s  d e f i n e d  by t h e  E u l e r  a n g l e s ,  +, 0 ,  and 
4 shown i n  F i g u r e  1. 

f r e q u e n c y  ( i . e . ,  w o  = 2.rr/T, where T i s  t h e  o r b i t a l  p e r i o d ) .  
T h e  va r i ab le  wo d e s i g n a t e s  t h e  o r b i t a l  

It w i l l  be  conven ien t  f o r  t h e  r e a d e r ' s  u n d e r s t a n d i n g  
o f  t h e  OWS s t a b i l i z a t i o n  problem t o  a s s o c i a t e  t h e  X a x i s  w i t h  
t h e  OWS l o n g  (or r o l l )  a x i s .  

EQUATIONS OF M O T I O N  

E u l e r ' s  e q u a t i o n s  for r o t a t i o n a l  mo t ion  i n  s p a c e c r a f t  
c o o r d i n a t e s  are  

b - K  w w  = ( T / I )  + ( T / I )  
Y Y x z  Y Y G  Y Y A  

where 

Kx = (Iz-Iy)/Ix 
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The s u b s c r i p t s  x, y, z r e f e r  t o  t h e  p r i n c i p a l  axes o f  t h e  
s a t e l l i t e ,  G r e f e r s  to g r a v i t y - g r a d i e n t  t o r q u e ,  and A t o  
aerodynamic t o r q u e .  For t h e  OWS t h e  i n e r t i a s ,  i n  s l u g - f t .  , 
ar? a p p r o x i m a t e l y  

L 

6 6 = .93447 x 1 0  J Iz = .95473 x 1 0  , = Y  
6 = ~ 2 0 0 6  x i o  

I X  

and these g i v e  

Kx = .16878 K = .89320 KZ = .85303 
Y 

I n  terms o f  t h e  E u l e r  a n g l e s ,  t h e i r  d e r i v a t i v e s ,  and 
t h e  o r b i t a l  f r e q u e n c y ,  t h e  body a n g u l a r  ra tes  are 

w = i - ( $ t " o ) S Q  * 
X 

By d i f f e r e n t i a t i n g  ( 2 )  w i t h  r e s p e c t  t o  t i m e ,  t h e  components 
o f  b are  o b t a i n e d .  These t o g e t h e r  w i t h  ( 2 )  c a n  be s u b s t i t u t e t i  
i n t o  (1) t o  g i v e  t he  l e f t  s i d e s  o f  t h e  e q u a t i o n s .  It i s  n o t  
n e c c n s a r y  f o r  t h e  problem a t  hand t o  c a r r y  o u t  t h i s  s t e p  now. 

GRAVTTY-GRADIENT TORQUE --- 

The g r a v i t y - g r a d i e n t  t o r q u e  c o n s i d e r e d  here  i s  
s i m p l i f i e d  by assuming tha t  t h e  ea r th  p o s s e s s e s  a p u r e  i n v e r s e -  
squa re - l aw c e n t r a l - f o r c e  g r a v i t a t i o n a l  f i e l d .  Referred t o  
~ I - I I I C L ~ ~ L  a A c D  , t h z  grav i ty -g rad ien t  t ~ r q n e  ~ h o n t .  t h e  center 
o f  mass of t h e  s a t e l l i t e  i s  
.-.a: .- - 2  - - 1 -..-- 

TG = 3 u ( z  x I z )  ( 3 )  

* I n  t h i s  memorandum s i n e  and c o s i n e  w i l l  be  a b b r e v i a t e d  
b y  s and c r e s p e c t i v e l y .  
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where u = G M / r 3 ;  G i s  t h e  u n i v e r s a l  F r a v i t a t i o n  c o n s t a n t ,  
and M i s  t h e  mass of t h e  ea r th ;  r i s  ttle d i s t a n c e  be tween 
t h e  c e n t e r s  of mass o f  t h e  s a t e l l i t e  and t h e  ea r th ;  a n d  z t h c  
i m i t  l o c a l  v e r t i c a l  v e c t o r  e x p r e s s e d  i n  body c o o r d i n a t e s ;  1 
i s  t h e  i n e r t i a  m a t r i x  for t h e  p r i n c i p a l  a x e s .  It w i l l  b e  
assumed t h a t  t h e  s a t e l l i t e  i s  i n  a c i r c u l a r  o r b i t ,  i n  which 
c a s e  u = 

2 
wo 

The g r a v i t y - g r a d i e n t  t o r q u e  i s  g i v e n  b y  

where 

zl\ , ‘ C O C $  I , 
I 

\ 
i 

= !  = i - C $ S J ,  + S $ S O C +  z 2  

\ S $ S $  + C $ S O C J ,  \ z 3  \ 

\ 

AERODYNAMIC TORQUE 

The model t o  b e  used h e r e  for t h e  aerodynamic  t o r q u e  
m o d e r a t e l y  approx ima tes  r e a l i t y  and i s  q u i t e  a d e q u a t e  f o r  o u r  
p u r p o s e s .  The aerodynamic t o r q u e  w i l l  b e  assumed t o  be composed 
o f  two p a r t s ,  one due  t o  t h e  OWS and a second  due  t o  t h e  s o l a r  
p a n e l s .  We w i l l  w r i t e  

t h e  t o t a l  aerodynamic t o r q u e ,  i s  t h e  sum o f ,  T A , C y  where, T A y  

t h e  c y l i n d e r  t o r q u e  and,  TA,P, t h e  p a n e l  t o r q u e .  
t hese  t o r q u e s ,  i t  w i l l  b e  assumed t h a t  ( a )  a i r  d e n s i t y  i s  
c o n s t a n t ,  ( b )  t h e  d r a g  f o r c e  a c t i n g  on the  OWS i s  d i r e c t e d  

I n  c a l c u l a t i n g  
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o p p o s i t e  t o  t h e  o r b i t  v e l o c i t y  v e c t o r ,  ( c )  t h e  OWS i s  c y l i n d r i c a l l y  
s h a p e d ,  and ( d )  t h e  v e c t o r  between t h e  center -of -mass  and t h e  
c e n t e r - o f - p r e s s u r e  i s  d i r e c t e d  a l o n g  t h e  p o s i t i v e  X a x i s  ( i . e . ,  
r o l l  a x i s )  o f  t h e  OWS. 

-- C y l i n d e r  Torque 

aerodynamic  t o r q u e  can b e  w r i t t e n  as 
With t h e  assumpt ions  j u s t  men t ioned ,  t h e  c y l i n d e v  

where 

P = v e c t o r  d i r e c t e d  from t h e  center -of -mass  t o  
’p t h e  c e n t e r - o f - p r e s s u r e  

= component o f  drag f o r c e  normal  t o  roll a x i s  o f  OWS 
= u n i t  v e c t o r  d i r e c t e d  a l o n g  rc 
= u n i t  v e c t o r  d i r e c t e d  a l o n g  FN 

FN 

’FN 

1 
C , P  ,P 

E q u a t i o n  ( 5 )  can b e  shown t o  r e d u c e  t o  

where 

= maximum v a l u e  of aerodynamic  t o r q u e  on t h e  c y i l n d e r  Tm 1 

l s y l  = + ( b  + C  
2 2 1/2 

b = -c@lc$ - S @ l S O S $  

C = -s$lc$ t C $ l S O S $  
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A k e y  s t e p  i s  now t o  e x p r e s s  Tml as a c o n s t a n t ,  a, t imes t h e  

peak g r a v i t y - g r a d i e n t  t o r q u e .  That  i s ,  w e  l e t  

where 

ITG,ml = maximum g r a v i t y - g r a d i e n t  t o r q u e ,  which w i l l  b e  
d e f i n e d  below. 

S o l a r  P a n e l  Torque 

The s o l a r  p a n e l  t o r q u e  w i l l  be a f u n c t i o n  o f  t h e  p a n e l  
o r i e n t a t i o n  w i t h  r e s p e c t  t o  t h e  OWS. I n  F i g u r e  2*  a p a n e l  a n g l e  
p i s  d e f i n e d .  With p = 0 ,  t h e  p l a n e  o f  t h e  p a n e l s  c o n t a i n s  t h e  
OWS r o l l  a x i s ,  and w i t h  p = - g o o ,  t h e  p l a n e  of t h e  p a n e l s  i s  
p e r p e n d i c u l a r  t o  t h e  OWS roll ax i s .  

The s o l a r  p a n e l  t o r q u e  can  b e  w r i t t e n  as 

where 

r = v e c t o r  d i r e c t e d  from t h e  OWS center -of -mass  t o  t h e  
P J P  p a n e l  c e n t e r - o f - p r e s s u r e  

= t o t a l  drag f o r c e  on  p a n e l s  

= u n i t  v e c t o r  d i r e c t e d  a l o n g  r 

= u n i t  v e c t o r  d i r e c t e d  a l o n g  component of  F normal  

FP 

P ,P 
1 

1 
P , P  

P N , P  t o  p a n e l s  

= u n i t  v e c t o r  d i r e c t e d  a l o n g  Fp I F  

*The p r i n c i p a l  a x e s  o f  t h e  OWS are a c t u a l l y  n o t  a l i g n e d  as 
d e p i c t e d  i n  F i g u r e  2 .  This p o i n t  i s  n o t  c r i t i c a l  t o  t h e  r e s u l t s  
deve loped  i n  t h i s  s t u d y .  

* * T h i s  e q u a t i o n  assumes t h a t  t he  aerodynamic  f o r c e  on t h e  
p a n e l s  i s  normal  t o  t h e  p l a n e  of  t h e  p a n e l s .  
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E q u a t i o n  ( 8 )  can b e  shown t o  r e d u c e  t o  

where 

T = maximum v a l u e  of aerodynamic t o r q u e  on t h e  s o l a r  p a n e l s ,  m2 

Tm2 w i l l  be e x p r e s s e d  as a c o n s t a n t ,  B ,  times t h e  

maximum g r a v i t y - g r a d i e n t  t o r q u e .  T h a t  i s ,  

t h e  sum o f  ( 6 )  and ( 9 )  comple tes  t h e  model o f  t h e  aerodynamic 
t o r q u e .  

P E R T U R B A T I O N  A N A L Y S I S  

With a l i t t l e  h e u r i s t i c  i n s i g h t ,  w e  a n t i c i p a t e  an 
e q u i l i b r i u m  a t t i t u d e  a t  t h e  o r i e n t a t i o n  I$ = 0 ,  e = 0, II, = II,s 

s u c h  t h a t  t h e  aerodynamic t o r q u e  i s  b a l a n c e d  b y  t h e  g r a v i t y -  
g r a d i e n t  t o r q u e .  Below w e  w i l l  d e t e r m i n e  $, e x p l i c i t l y .  

If o n l y  small p e r t u r b a t i o n s  abou t  t h e  e q u i l i b r i u m  
o r i e n t a t i o n  are  c o n s i d e r e d ,  t h e n  

+ = 6 + ,  8 = 6 8 ,  $ = +,+w 

L i n e a r i z i n g  e q u a t i o n s  ( 2 1 ,  ( 4 ) ,  ( 6 )  and ( 9 )  a b o u t  t h e  e q u i l i b r i u m  
p o i n t  w e  o b t a i n  
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.. 
G = 6 0 - w  6 8  w = 6 $ - w o 6 0 ,  

w = 6Btwo6$, B = 6 0 t w o 6 $  

w = 6 $ t w o  , ; = 6 $  

0 X x .. 
Y Y 

Z Z 

2 
w w = w o 6 8  +io 6 0  

Y Z  

w x z  w = w 0 6 & w o 2 6 f 3  

w w  = o  
X Y  

= o  ( Tx/lx A ,  C 
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S u b s t i t u t i n g  (ll), (12), (13) and ( 1 4 )  i n t o  (1) w e  
o b t a i n  
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- SOLUTION FOR EQUILIBRIUM POINT 

The l e f t  s ides  of (15) are  c o n s t a n t - c o e f f i c i e n t  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  for t h e  p e r t u r b a t i o n  v a r i a b l e s  6 4 ,  60, 
and 6 + .  The r i g h t  s ides  of (15) can  be viewed as t h e  d r i v i n g  
f u n c t i o n s  f o r  t h e  l i n e a r  s y s t e m .  

By d e f i n i t i o n ,  t h e  c o n d i t i o n  for e q u i l i b r i u m  i s  t h a t  
a l l  t h e  p e r t u r b a t i o n  v a r i a b l e s  and t h e i r  d e r i v a t i v e s  be  z e r o .  
Consequen t ly ,  w e  may e q u a t e  t h e  r i g h t  s i d e  o f  (15~) t o  z e r o  
and t h e r e b y  o b t a i n  an e x p l i c i t  e x p r e s s i o n  f o r  + s .  T h a t  i s ,  

F o r  a g i v e n  p a n e l  a n g l e ,  p ,  ( 1 6 )  can  b e  s o l v e d  f o r  $s p r o v i d e d  
w e  know IT 1 .  The e x p r e s s i o n  f o r  IT 1 i s  o b t a i n e d  b y  n o t i n g  
t h a t  f o r  s t a b l e  b e h a v i o r  w i t h  r e s p e c t  t o  t h e  l o c a l  v e r t i c a l  i n  

G , m  G ,m 

t h e  absence  of  aerodynamic t o r q u e  i t  i s  r e q u i r e d  t h a t  (4) 

2 1  > I x  IZ Y 

A s  a r e s u l t ,  

I n  what f o l l o w s  we w i l l  i n v e s t i g a t e  t h e  s t a b i l i t y  
problem f o r  p e q u a l  t o  O o  and -goo .  These v a l u e s  o f  p a re  chosen  
b e c a u s e  t he  a n a l y s i s  can  be e x p e d i t e d  w i t h  t h e  a d d i t i o n a l  b e n e f i t  
o f  p r o v i d i n g  i n s i g h t  i n t o  t h e  n a t u r e  of  t h e  s t a b i l i t y  problem. 
A t  p = O o  t h e  s o l u t i o n  t o  ( 1 6 )  i s  
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and a t  p = - g o o  

lz-1 1 K  
t a n y J s = - z - - - -  u x -  a y Y  

Y X  I Z K Z  

I n  view o f  ( 1 7 )  we see t h a t  $s i s  n e g a t i v e ,  a f a c t  
which our e a r l i e r  h e u r i s t i c  i n s i g h t  t o l d  11:: s h o u l d  b e  t h e  case.  

STAB I LITY AN ALY S I S  

A s  a f i rs t  s t e p  i n  i n v e s t i g a t i n g  t h e  s t a b i l i t y  of  
t h e  a t t i t u d e  mot ion  w i t h  r e s p e c t  to t h e  e q u i l i b r i u m  p o i n t ,  we 
find t h e  Lap lace  t r a n s f o r m  o f  ( 1 5 )  and w r i t e  t h e  r e s u l t  i n  
m a t r i x  form 



n 
rl 
CU 
W . 
0 

II 

I +  
I 0 
1 3  
I n  
I h 
1 %  
I I  
I d  
I "  
I U I  

I h I 
I x  I 
I N  I 
I 0 r n I  
1 3  3 1  
I M c u  I 

0 1  
h I  

X I  cu I 
0 1  

+ 

0 

0 
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The c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e  f;$ mot ion  i s  

and t h e  c h a r a c t e r i s t i c  e q u a t i o n  c o r r e s p o n d i n g  t o  t h e  6 $ ,  6 0  
mot ion  i s  

E q u a t i o n  ( 2 2 )  i s  o f  t h e  form s2 + a2 = 0 s o  t h a t  i t s  
r o o t s  a r e  p u r e  imag ina ry .  Consequent ly ,  any damping, however 
small, on t h e  OWS Z a x i s  w i l l  make t h e  69mot ion  a s y m p t o t i c a l l y  
s t a b l e  w i t h  r e s p e c t  t o  t h e  e q u i l i b r i u m  p o i n t  $ s .  

A s  t o  e q u a t i o n  ( 2 3 ) ,  w e  n o t e  t h a t  t h e r e  i s  no s3  t e rm.  
T h i s  means t ha t  t h e  sum o f  t h e  r o o t s  i s  z e r o  and w e  must concern  
o u r s e l v e s  w i t h  p o s s i b l e  i n s t a b i l i t y  ( i . e . ,  r o o t s  w i t h  p o s i t i v e  
r ea l  p a r t s ) .  I n  f a c t ,  i f  t h e  c o e f f i c i e n t  o f  t h e  s t e r m  i s  n o t  
z e r o  w e  are  a s s u r e d  of r o o t s  w i t h  p o s i t i v e  r e a l  p a r t s .  We w i l l  
now i n v e s t i g a t e  t h e  n a t u r e  o f  t h e  r o o t s  f o r  p a n e l  a n g l e s  of 0' 
and -goo .  

Panel Angle = - 9 O O  

With p = - g o o ,  qS i s  g i v e n  by ( 2 0 ) .  T h i s  e q u a t i o n  

c a n  b e  s o l v e d  for a.2 and t h e  r e s u l t  s u b s t i t u t e d  i n t o  t h e  
e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  of ( 2 3 ) .  When t h i s  i s  done 
i t  can b e  shown, a f t e r  some a l g e b r a i c  m a n i p u l a t i o n s ,  t h a t  t h e  
c o e f f i c i e n t  of t h e  s term i s  z e r o  for a l l  K x ,  K . A s  a r e s u l t  
( 2 3 )  becomes Y 
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s 4 t s2wO2[1t3Kxs 2 $,t3K c 2 $,+K K -n-K 3 e $  s$ 3 
Y x y  2 J  s s 

T h i s  e q u a t i o n  i s  o f  t h e  form 

2 s 4  + 2 b s  t c = 0 

Any of t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  i s  s u f f i c i e n t  f o r  t h e  
r o o t s  to have p o s i t i v e  r ea l  p a r t s  

I f  none o f  t hese  i n e q u a l i t i e s  h o l d ,  and t h e r e  are  no z e r o  r o o t s ,  
t h e n  a l l  t h e  r o o t s  a re  p u r e  i m a g i n a r y .  I n d e e d  t h i s  i s  t h e  c a s e  
f o r  t h e  OWS. The t a b l e  below g i v e s  t h e  v a l u e s  o f  t h e  r o o t s  and 
$ f o r  r e p r e s e n t a t i v e  v a l u e s  o f  a. 

S 

a - 

.01 

. 0 2  

03 

f j .4056w0, f j 1.915wo - .587O 

f j .4057w0, f j 1 . 9 1 5 ~ ~  - .8810 

When t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e  
l i n e a r  s y s t e m  a re  p u r e  imag ina ry ,  Lyapunov t h e o r y  o f f e r s  no 
c o n c l u s i o n  r e g a r d i n g  t h e  s t a b i l i t y  or even  boundedness  o f  t h e  
n o n l i n e a r  e q u a t i o n .  T h i s  i s  a t h e o r e t i c a l  r e s u l t .  Computer 
s i m u l a t i o n s  of t h e  n o n l i n e a r  e q u a t i o n s  however show t h a t  t h e  
a t t i t u d e  mot ions  a r e  bounded ( i . e .  , o s c i l l a t o r y  w i t h  r e s p e c t  
t o  t h e  e q u i l i b r i u m  p o i n t ) .  Moreover ,  it w i l l  b e  shown t h a t  any 
small  amount o f  damping w i l l  make t h e  64 and 60 motion  
a s y m p t o t i c a l l y  s t a b l e  w f t h  r e s p e c t  t o  t h e  e q u i l i b r i u m  a t t i t u d e ,  
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P a n e l  Angle = 00 

We w i l l  show f o r  t h i s  c a s e  t h a t  t h e  c o e f f i c i e n t  o f  
t h e  s t e rm i n  ( 2 3 )  i s  n e g a t i v e .  Th i s  i s  s u f f i c l e n t  t o  demon- 
s t r a t e  t h a t  t h e  r o o t s  have p o s i t i v e  r e a l  p a r t s .  

With p = O o ,  +s i s  g i v e n  by (19). T h i s  e q u a t i o n  can  
b e  s o l v e d  for ( a + B ) / 2 .  Now, add and s u b s t r a c t  t o  t h e  c o e f f i c i e n t  
o f  t h e  s term i n  ( 2 3 )  B'-K (l-Kx)c $ s .  3 2 

2 Y  The c o e f f i c i e n t  becomes 

~ 

By s u b s t i t u t i n g  t h e  s o l u t i o n  f o r  (a+B)/2 o b t a i n e d  from (19), 
i t  can  be  shown t h a t  t h e  l e f t  hand term i s  z e r o  f o r  a l l  Kx, K . 
A s  a r e s u l t  ( 2 3 )  becomes Y 

and  t h e  c o e f f i c i e n t  o f  t h e  s t e r m  i s  n e g a t i v e  f o r  a l l  Kx, K , 

q S  f c r  CL = .02 and r e p r e s e n t a t i v e  v a l u e s  o f  B .  

Y 
The t ab le  below g i v e s  t h e  v a l u e s  o f  t h e  r o o t s  and 
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t h e  OWS r 
It w i l l  b c  shown below t h a t  b y  
11 ax i s  o r i i y ,  i t  i s  g o s s i Q l e  t 

add ing  darr1)ing t o  
move t h e  r o o t ;  t o  

t h e  l e f t -ha l f  p l a n e  and t h e r e b y  o b t a i n  a s y m p t o t i c  s t a b i l i t y  
w i t h  r e s p e c t  t o  t h e  e q u i l i b r i u m  p o i n t .  

EFFECTS OF D A M P I N G  

I n  t h i s  s e c t i o n  we w i l l  c o n s i d e r  t h e  e f f e c t s  o f  
damping from a mathematical v i e w p o i n t  w i t h o u t  regard t o  t h e  
d e t a i l s  o f  p r o d u c i n g  t h e  damping. It i s  assumed t h a t  t h e  
damping t o  b e  d i s c u s s e d  can  b e  a c h i e v e d  i n  p r a c t i c e ,  a t  
l e a s t  a p p r o x i m a t e l y .  

F i r s t ,  obse rve  t h a t  i n  ( 2 1 )  i f '  w e  make t h e  s u b s t i t u t i o n  
s = w o X ,  w o 2  can  b e  f a c t o r e d  o u t  and t h e  r e s u l t i n g  c h a r a c t e r i s t i c  

2 e q u a t i o n  i n  h i s  t h e  same as ( 2 3 )  e x c e p t  t h a t  t h e  w o  , w o 3 ,  and 
w o 4  m u l t i p l i e r s  o f  t h e  c c e f f i c i e n t s  no l o n g e r  appear.  

and  ( 2 , 2 )  e l e m e n t s  o f  t h e  m a t r i x .  In t h e  (1,l) element  def i -ne  
We f o c u s  on ( 2 1 )  a g a i n ,  i n  p a r t i c u l a r  on t h e  (1,1) 

and i n  t h e  ( 2 , 2 )  e lement  d e f i n e  

w 2 2  = Ky(l+3c'JI ) - a-K 3 c+,s+,  
s 2 Y  

We w i l l  i n t r o d u c e  damping by a d d i n g  a t e r m  2 5  w t o  the (1,l) 
e lemen t  and 2 c 2 w 2  t o  t h e  ( 2 , 2 )  e l e m e n t ,  and t h e n  a t t e m p t  t o  
f i n d  v a l u e s  for c1 and c 2  which w i l l  prodiice r o o t s  i n  t h e  
left-half p l a n e .  When t h e  dampi1ig terms are  i n t r o d u c e d  t h e  
c h a r a c t e r i s t i c  e q u a t i o n  for t h e  6 $ ,  6 0  mot ion  becomes 

1 1  



. 
BELLCOMM. INC. - 18 - 

t A [ 3 ( K  -Kx)~$s~$s+a-K 3 ( l -Kx)c  2 $s+2C1u1u22+2C w w 21 2 2 1  Y 2 Y  

To  i n v e s t i g a t e  t h e  r e q u i r e m e n t s  on el and c 2  t o  p roduce  r o o t s  
w i t h  n e g a t i v e  r ea l  p a r t s ,  t h e  Hurwi tz  c r i t e r i o n  i s  a p p l i e d  t o  
t h e  c o e f f i c i e n t s  o f  ( 2 6 ) .  The d e t a i l s  of  t h i s  a n a l y s i s  a r e  
l e n g t h y  and w e  w i l l  n o t  burden  t h e  r e a d e r  w i t h  i h e m .  The 
r e s u l t s  f o r  t h e  OWS a r e  as follows. . 

P a n e l  Angle = -90' 

Any p o s i t i v e  el o r  c 2 ,  however small ,  i s  s u f f i c i e n t  
t o  g i v e  r o o t s  w i t h  n e g a t i v e  r e a l  pa r t s  and t h e r e b y  p roduce  
a s y m p t o t i c  s t a b i l i t y .  

P a n e l  finale = 00 

I n  t h i c  c a s e  t h e  r e s u l t  i s  t h z t  a p o s i t i v e  e and 1 
z e r o  i,, are  s u f f i c i e n t ,  and t h e  minimum v a l u e  of  5 is g i v e n  
b y  t h e  r e q u i r e m e n t  t h a t  t h e  c o e f f i c i e n t  of t h e  A t e r m  b e  
p o s i t i v e .  For  t h e  OWS t h e  minimum v a l u e  o f  el i s  . 0 3 9  w l t h  

a = .U2 and B = .lo. It i s  a l s o  p o s s i b l e  t o  produce  s t a b i l i t y  
w i t h  p c s i t i v e  c 2  and z e r o  cl. However, i n  t h i s  c a s e  t h e  v a l u e  
o f  c 2  r e q u i r e d  i s  e x t r e m e l y  h i g h .  

o f  t h e  OWS abou t  i t s  roll a x i s  i s  s u f f i c i e n t  t o  produce  
a s y m p t o t i c  s t a b i l i t y .  
damping t h a t  p roduces  a t o r q u e  of  7 .56  x f t . - l b s .  p e r  deg / sec .  

L 1 

The i n t z x - p r e t 2 t i e n  3f t h e s e  1-esu l t s  is t ha t  damping 

The v a l u e  of <1 = .039  c o r r e s p o n d s  t o  

COMMENTS ON A N O T H E R  OWS SOLAR P A N E L  O R I E N T A T I O N  

We have  c o n s i d e r e d  o r i e n t a t i o n s  i n  which t h e  Z a x i s  
and  t h e  p l a n e  o f  t h e  p a n e l s  a r e  p e r p e n d i c u l a r  t o  t h e  o r b i t  
p l a n e .  Fo r  t h e  sake o f  comple teness  w e  must comment on a n o t h e r  
o r i e n t a t i o n  i n  which t h e  Y a x i s  ( see  F i g u r e  2 )  i s  p e r p e n d i c u l a r  
t o  t h e  o r b i t  p l a n e  and t h e  p a n e l  a n g l e  i s  a d j u s t e d  t o  o p t i m i z e  
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, , -  . 
t h e  solar ene rgy  i n c i d e n t  on t h e  p a n e l s .  ' ' T h i s  method 
a t t a i r i s ,  unde r  c e r t a i n  % ; o n d i t i o n s ,  t h e  Iriax i.nL.:ri Y-olar e n e r g y  
i n  a l o c a l  v e r t i c a l  a t t i t u d e .  It i s  riot d i f f i c u l t  t o  ::?e 
t h a t  t h e  aerodynamic d r a g  makes t h i s  r * t t i t u d e  i i n s t a b l e .  
The m a t h e m a t i c a l  a n a l y s i s  of t h i s  i n s t a b i l i t y  is f a r  more 
c o m p l i c a t e d  t h a n  t h a t  g i v e n  above.  It i s  n o t  deemed worth-  
w h i l e  to u n d e r t a k e  t h e  a n a l y s i s  a t  this t i m e  s i n c e  t h e  OWS 
s t o r a g e  power r e q u i r e m e n t s ,  as p r e s e n t l y  e s t i m a t e d ,  can  b e  
m e t  w i t h  t h e  z a x i s  p e r p e n d i c u l a r  t o  the o r b i t  p l a n e  and t h e  
p a n e l s  t u r n e d  t o  p = - 9 0 0 .  

CONCLUDING REMARKS 
I 

Although a complic*ated m a t h e m a t i c a l  r o u t e  has been  
t r a v e r s e d  t o  o b t a i n  o u r  r e s u l t s ,  t h e r e  are s t i l l  o u t s t a n d i  ,ig 
q u e s t i o n s .  These q u e s t i o n s  c o n c e r n  t h e  e f f e c t s  t h e  a s sumpt ions  
have  on t h e  outcome o f  t h e  a n a l y s i s .  U n t i l  these  e f f e c t s  a r e  
q u a n t i f i e d  t h e  long  term mot ion  o f  a p a s s l v e  OWS i n  s t o r a g e  i s  
open to doub t .  S p e c i f i c a l l y ,  i t  i s  n e c e s s a r y  t o  e v a l u a t e  t he  
e f f e c t s  o f  non-uniform a i r  d e n s i t y  ( d i u r n a l  b u l z e ) ,  n o n - c i r c u l a r  
o r b i t ,  e a r t h ' s  o b l a t e n e s s ,  and t h e  o f f s e t s  of t h e  c e n t e r - a f -  
p r e s s u r e  and center-of-mass f rom t h e  OWS roll a x i s .  

Other  f a c t o r s  which must be  t a k e n  i n t o  a c c o u n t  a r e  
t h e  i m p r e c i s e  knowledge o f  t h e  l o c a t i o n  o f  t h e  p r i n c i p a l  ? x e s  
and o f  t h e  a i r  d e n s i t y  and i t s  v a r i a t i o n s .  The i n f l u e n c e  o f  
these  f a c t o r s  i s  t h a t  t h e  s e t  o f  i n i t i a l  c o n d i t i o n s  used  t o  
i n v e s t i g a t e  t h e  mot ion  o f  t h e  OWS must b e  s u f f i c i e n t l y  l a r g e  
to er1cc)mpass a l l  t h e  u n c e r t a i n t y .  

1022-JK-jr 

A t  t achment s 
F i g u r e s  1 and 2 
Re fe rences  
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